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Abstract 

We exhibit a Hopf superalgebra structure of the algebra of field oper- 
ators of quantum field theory (QFT) with the normal product. Based on 
this we construct the operator product and the time-ordered product as a 
twist deformation in the sense of Drinfeld. Our approach yields formulas 
for (perturbative) products and expectation values that allow for a signif- 
icant enhancement in computational efficiency as compared to traditional 
methods. Employing Hopf algebra cohomology sheds new light on the 
structure of QFT and allows the extension to interacting (not necessarily 
perturbative) QFT. We give a reconstruction theorem for time-ordered 
products in the spirit of Streater and Wightman and recover the distinc- 
tion between free and interacting theory from a property of the underlying 
cocycle. We also demonstrate how non-trivial vacua are described in our 
approach solving a problem in quantum chemistry. 
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1 Introduction 

The purpose of this article is to present a new approach to the algebraic and 
combinatorial structures at the heart of quantum field theory (QFT). This ap- 
proach has merits on the practical as well as on the conceptual side. On the 
practical side it allows for a major computational enhancement based on an 
efficient description of the combinatorics and on non-recursive closed formulae. 
On the conceptual side it gives now insights into the algebraic structure of QFT. 
We evidence this through applications to non-perturbative QFT and non-trivial 
vacua. 

The starting point of our approach is the identification of a Hopf algebraic 
structure at the core of QFT. That is, the algebra of field operators with the 
normal product is a Hopf superalgebra. This means that besides the product 
there is a coproduct that describes, intuitively speaking, the different ways in 
which a product of field operators might be partitioned into two sets. Indeed, it 
is this coproduct that plays the key role in a closed description of combinatorial 
structures and that allows for computationally efficient algorithms. Another 
key structure of the Hopf superalgebra is the counit. This turns out to describe 
the standard vacuum expectation value. Algebraically, this Hopf superalgebra 
is the graded symmetric Hopf algebra (described in detail in Appendix A. 3, 
see also [1, Appendix 2]). The conceptual origin of this Hopf superalgebra is 
rather simple. Identifying the normal ordered products with functionals on field 
configurations, the coproduct is induced by the Hnear addition of fields. 

The second main step consists in identifying the standard canonical quan- 
tization with a twist in the sense of Drinfeld [2]. More precisely, the operator 
product emerges as a twist deformation of the normal product. As is common 
we deal here at first with the free QFT. The twist is induced by a Laplace pair- 
ing which in turn is determined by a suitable propagator. Furthermore, the 
time-ordered product can be obtained similarly as a direct twist deformation 
of the normal product. In this case, the Laplace pairing is determined by the 
Feynman propagator. Since vacuum expectation values of time-ordered prod- 
ucts are the main ingredients of physical scattering amplitudes this allows the 
use of our methods in actual calculations of physical quantities. 

It is one of the basic facts in quantum field theory that Wick's theorem re- 
lates normal and time-ordered correlation functions [3, 4, 5]. It was only recently 
noticed by Fauser that this transformation can be advantageously described in 
Hopf algebraic terms [6, 7, 8]. This is indeed a crucial ingredient of our con- 
struction, which allows us to prove that the twists yield the desired products. In 
particular, we show that the Hopf algebraic Wick transformation can be applied 
to yield the operator product from the normal product in a way analogous as 
for the time-ordered product. 

Other aspects of our approach described so far are also present in the lit- 
erature in different guises. Oeckl used the (dual of the) present Hopf algebra 
structure to generalize QFT [9, 10] to quantum group symmetries and the twist 
to describe QFT on noncommutative spaces [11]. Borcherds defined vertex alge- 
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bras with quantum group methods [12, 13]. In particular, he uses a construction 
similar to the twist in a related context. The research of the present paper was 
initiated by Brouder [14] and a preliminary presentation of parts of this work 
was given in [15]. 

The closed formulae emerging in our framework facilitate highly efficient 
computations of products and expectation values. This is mainly due to the 
heavy use of the coproduct structure. Indeed, this is well known in combina- 
torics where Hopf algebraic methods are established for this purpose. We know 
from computer algebra calculations that precisely the techniques employed en- 
hance performance and that in a well defined sense no algorithm can come 
up with less terms, see [16, 17]. While the twisted products described so far 
are the products of the free QFT our framework is naturally compatible with 
the usual perturbation theory and thus applicable to it. This implies that the 
computational advantages directly apply to perturbative QFT. 

The third step consists in exploiting the Hopf algebra cohomology theory 
due to Sweedler, which underhes the twisted product [18]. (In that work twisted 
products of the type used here where also introduced for the first time.) Besides 
affording conceptual insight this yields immediate practical benefits. Among 
these is the realization of the time-ordering prescription of QFT as an algebra 
isomorphism. This in turn can be used on the computational side. 

The cohomological point of view affords a further extension of our frame- 
work. Significantly, twisted products can not only be defined with Laplace 
pairings, but with 2-cocycles, of which Laplace pairings are only a special case. 
Remarkably, it turns out that 2-cocycles that are not Laplace pairings lead to 
(non-perturbatively described) interacting QFTs. Moreover, any QFT (with 
polynomial fields) can be obtained in this way. A QFT is free if and only if the 
2-cocycle is a Laplace pairing. 

A further application of the cohomology that we develop is to non-trivial 
vacua. We show that changing the choice of vacuum can also be encoded through 
a twist. Indeed, it turns out that there is a "duality" or correspondence between 
the choice of vacuum and that of product. We exemplify this result by solving 
a problem posed by Kutzelnigg and Mukherjee [19] regarding "adapted normal 
products" in quantum chemistry. While they were able to give only examples 
for low orders, our framework yields closed formulas for all orders. Our method 
is capable of describing condensates too, as we know from [20]. 

Although we do not develop this point of view in the present paper, a twist in 
the sense used here is automatically an (equivariant) deformation quantization. 
Indeed, this was one of the original motivations for Drinfeld to introduce this 
concept [21]. This means that our approach is thus inherently connected to the 
deformation quantization approach to QFT. This approach starts also with the 
normal ordered product and views the other products as deformations of it. See 
the recent paper by Hirshfeld and Henselder [22]. 

The paper is roughly divided into three parts. The first, consisting of Sec- 
tion 2 starts by introducing a few essential mathematical concepts. Then, the 
Hopf algebra structure of the normal ordered field operators is developed. Next, 
the operator and time-ordered products are constructed as twisted products in- 
duced by Laplace pairings. We finish the section with closed formulas for Wick 
expansions, the various products and expectation values showing the practical 
efficiency of the framework. This part of the paper is intended for a broad 
audience and should be readable without prior familiarity with Hopf algebras. 
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The second part of the paper consists of Section 3. Here we go deeper 
into the underlying mathematics, starting with a brief review of Hopf algebra 
cohomology and Drinfeld twisting. Then we turn to the implications for QFT. 
In particular, we describe the coliomological understanding of the operator and 
time-ordered product as twisted products. Among other practical consequences 
we derive the time-ordering operation as an algebra isomorphism. 

The third part of the paper presents further results emerging from the co- 
homological insights. It consists of Sections 4 and 5. In Section 4 interactions 
are treated. Firstly, we show that our framework is compatible with perturba- 
tion theory and thus allows the application of our methods there. Secondly, we 
consider general (and not necessarily perturbative) quantum field theory and 
show that our framework naturally extends to it. In particular, we present 
the reconstruction theorem that allows to describe any (linear and polynomial) 
QFT through a 2-cocycle. In Section 5 we show how choosing non-trivial vacua 
can be naturally expressed in our framework. Moreover, we demonstrate the 
efficient solution of a problem arising in quantum chemistry with our approach. 

After conclusions and outlook the paper ends with two Appendices. Ap- 
pendix A gives some elementary definitions on Hopf superalgebras and in par- 
ticular the graded symmetric Hopf superalgebra that plays the crucial role in 
this paper. The terminology of Hopf *-superalgebras is not unique and even 
in general incompatible between different sources. So a further value of this 
appendix is that it collects in a coherent and compatible way notions scattered 
in the literature. Appendix B consists firstly of a short description of the coho- 
mology groups in the bosonic case and secondly of the more technical proofs of 
Propositions and Lemmas appearing in the main text. 

We refer readers who wish to know more about Hopf algebras and quantum 
group theory to [23] and [24]. The latter reference is particularly suitable for 
the cohomology theory and the twist construction. 

2 Free quantum field theory 
2.1 Mathematical basis 

We start in this section by introducing a few mathematical concepts that will 
be required throughout the article. These are, apart from Hopf (super) algebras, 
the Laplace pairing and the twisted product. It should be possible even for the 
reader without previous experience with Hopf algebras to follow the main steps 
of Section 2. Indeed, a first reading should be possible without paying too much 
attention to the details of definitions. 

2.1.1 Hopf *-superalgebra 

Recall that a Hopf algebra H, besides being an associative algebra with a unit, 
has a coassoiative coproduct A : H ^ H igi H, a. counit e : H ^ C and an 
antipode 7 : _ff ^ H, satisfying compatibility conditions. By definition the 
coproduct of an element a of H can always be written as a (non-unique) linear 
combination of the form Aa = a • (g) a". In order to avoid the prolifera- 
tion of indices it is customary to use Sweedler's notation for this, i.e. we write 
Aa = X]a(i) (81 0(2)- Due to the coassociativity Sweedler's notation extends un- 
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ambiguously to multiple coproducts as follows: ® (^(i))(2) '^(2) = 

® (a(2))(i) 'S) (a(2))(2) = Z)a(i) ® 0(2) ® 0(3) etc. 

A superalgebra ^ is a Z2-graded algebra so that \ab\ = \a\ + \b\ modulo 2 
where \a\ denotes the parity of the element a, \a\ = if it is oven (bosonic) 
and \a\ = 1 if it is odd (fermionic). A Hopf superalgebra is a superalgebra with 
unit and Z2-graded coproduct, counit and antipode. A *- (super) algebra is a 
(super) algebra A with an antihnear map * : A ^ A such that {ab)* = b*a*. 
A Hopf *-superalgebra is a Hopf superalgebra and *-superalgebra where the 
♦-structure is compatible with coproduct, counit and antipode. 

Wc refer the reader who is not familiar with these notions or wishes to recall 
their details to the Appendix A, where the complete definitions are given on an 
elementary level. 

2.1.2 Laplace pairing 

We introduce now the concept of Laplace pairing which is relevant to interpret 
Wick's theorem in terms of Hopf superalgebras. 

Let H he a. Hopf superalgebra that we require to be graded cocommutative. 
That is, the coproduct satisfies 0,(1) ® 0,(2) = (— l)'"(i)""<2)'a(2) (8) a^iy A pairing 
on _ff is a linear map (•!•): i/ -ff ^ C. It is called even if (a|6) = when the 
parities of a and b are different. A Laplace pairing^ on H is an even pairing on 
H such that the product and the coproduct are dual in the sense that 

{aa'\b) = 5^(-l)l«'ll''a)l(a|6(,,)(«>(2,), (1) 
ia\bb') = 5^(-l)l«(^)ll''l(a(„|6)(a(2)|6'), (2) 
and the unit and counit are dual as follows, 

(l|a) = (a|l) = e{a). (3) 

2.1.3 Twisted product 

A Laplace pairing on H can be used to deform the product of H. Sweedler [18] 
defined the twisted product on H, which we denote by o, as^ 

aob = 5^(-l)K=)ll^^)l(a(„|6(„)a(2,6(2, (4) 

The twisted product o is associative, and 1 is also the unit for o. As we shah 
see later, this twisted product yields an elegant way to write Wick's theorem. 
From the mathematical point of view, this arbitrary seeming definition can be 
understood as a special case of the more fundamental Drinfeld twist discussed 
in Section 3.2. 

Notice also that the twisted product is not compatible with the coproduct: 
in general A(a o 6) 7^ E (-1)'^''' («(i) ° ^d) ® (a(2) 0^2)). 

^This name was given by Rota some time ago [25, 26], because equations (1) and (2) 
are an elegant way of writing the Laplace identities for determinants. Equation (1) is called 
expansion by rows and equation (2) expansion by columns. They express the determinant in 
terms of minors (see Ref. [27] p. 26 and Ref. [28] p. 93) and were derived by Laplace in 1772 
[29]. 

■^Sweedler considered only the bosonic case. He called the product a crossed product and 
his definition was somewhat more general (in a different direction). 
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2.2 The Hopf superalgebra of creation and annihilation 
operators 

In this soction, wo dcfino tho Hopf suporalgobra of croation and annihilation 
operators. The femiion and boson creation and annihilation operators will be 
treated in a unified way. Normal products of creation and annihilation opera- 
tors form a well-known graded commutative superalgebra, called the symmetric 
superalgebra (see Appendix A). In this section, we define a coproduct and a 
counit which are compatible with the normal product, and we equip the nor- 
mal products of operators with the structure of a Hopf superalgebra. The Hopf 
superalgebra of creation and annihilation operators will be used to define the 
Hopf superalgebra of quantum fields. 

We first denote by (p{x; s) the solutions of the classical field equations (e.g. 
the classical Klein-Gordon, Dirac or Maxwell equations). The solution (p{x; s) is 
a function of the spacetime variable x and s indexes the solutions of the classical 
field equations. In the vacuum, s is the 3-momentum k for scalar fields. For 
Dirac fields there are positive energy solutions (p>(a;, s) with s = (k. q) and 
a = 1,2 for up and down spin states and negative energy solutions i^<(.T,.s) 
with s = (k, a) and a = 1, 2 for up and down spin states. For the classical field 
equations in an external potential, s is a discrete index for the bound state and 
a continuous index for the scattering states. For x = (0, r), the set of functions 
(p{x; s) is assumed to form a suitable space of functions of r. The functions 
ip{x; s) will be used to define quantum fields. 

2.2.1 The superalgebra structure 

The creation and annihilation operators are denoted by a^s) and a{s), respec- 
tively. They create and annihilate a particle in the state .s. They are operators 
acting on a Fock space J" and their precise definition is given in ref. [30] p. 218. 
The normalized state of corresponding to no particles is called the vacuum 
and denoted by |0). The parity of these operators is |a(s)| = |a^(s)| = 1 for a 
fermion field and \a{s) \ = \a^s)\ = for a boson field. The operator product of 
two operators u and v is written uv. The (anti) commutation relations among 
creation operators and among annihilation operators of bosons (fermions) [31] 
can be summarized as 

a(s)a(s') = (-l)l"(^)ll"(^')la(s')a(s), 
a\s)a\s') = (-l)l'^''(^)ll'^'("')lat(s')a^(s). (5) 

These equations mean that two annihilation operators or two creation operators 
commute for bosons, anticommute for fermions and commute for a boson and a 
fermion. 

The superalgebra An of normal products is generated as a vector space by 
products of creation operators on the left of products of annihilation operators. 
For example u = a^(si) . . . {sm)(i{sm+i) ■ ■ ■ aism+n) is an element of ^iv. The 
parity of u is |m| = |a^(.si)| + • • • + \o.^Sm)\ + \a{sm+i)\ + ■ ■ ■ + |a(.s„,,+„)| modulo 
2. The element given by m = and n = in this example is the unit oper- 
ator denoted by 1. The product in An is the normal product. In quantum 
field theory, the normal product of two elements u and v is denoted by :uv: 
but this notation becomes cumbersome when we manipulate various products 



7 



of several fields, so we prefer to denote the normal product by uvv, which is the 
standard mathematical notation for a graded-commutative product. The nor- 
mal product is defined by {s)ya^ {s') = a' {s)a'' {s'), at(s)va(s') = a'^{s)a{s'), 
a(s)vot(s') = (-l)l"('')ll'^*(''')lat(.s')a(s), a{s)ya{s') = a{s)a{s') and extended to 
An by associativity and linearity. From the definition of the normal product 
and the relations (5), we see that if u and v are in An, uwv = {—ly^^^'^^vvu. 
That is, the normal product is graded commutative. Hence, the superalgebra 
An is a graded-commutative associative superalgebra with unit 1. These results 
can be summarized in the following proposition 

Proposition 2.1. IfV is the vector space generated by a{s) and a^{s) (for all 
s), the superalgebra An of normal products has the structure of the symmetric 
superalgebra Sym(y). 

The symmetric superalgebra Sym(y) is described in Appendix A. If the 
theory contains bosons and fermions the vector space V generated by a(s) and 
a){s) for all s can be written as 1^ = ® Vi, where Vq is generated by the 
boson operators and Vi by the fermion operators. 

From Appendix A we know that Sym(y) has the structure of a Hopf super- 
algebra. Thus, the superalgebra of creation and annihilation operators has a 
Hopf superalgebra structure that will be discussed in the next section. For later 
convenience, we distinguish the superalgebra Ajv of creation and annihilation 
operators without the fuh Hopf structure, and the Hopf superalgebra of creation 
and annihilation operators, that we denote by H. 

2.2.2 The Hopf ^-superalgebra structure 

Starting from the Hopf superalgebra Sym(l/), we see that the coproduct of 
the Hopf superalgebra H of creation and annihilation operators is defined by 
Al = 1 1, Aa(s) = a{s) + a(.s), Aa1'(s) = a^{s) + a^{s) on 
V and extended to H by A(uvi;) = ® (w(2)VV(2)). For 

example, if a = a(s), b = a{s') and c = a{s"), 

A{awb) = (av6)(8)l-Fa(8)6-|-(-l)'''"'''6 0a-M(g)(av6), 
A(av6vc) = l(g)av6vc-Fa(g)6vc-h(-l)'""^'6 0avc 

+(_l)|a|kl+lb|klc ^ + av6 O c (-l)l^ll^lavc O b 
+(_l)kll''l+kl|c|5yc + a^bvc O 1. 

In general 

A(m^...vu") = ^(-l)^uJ,)V...vuf,) OwJ^v.-.vwf,, 

for any vi^ , . . . , u" G H and with F = Yll^=2 Yl\=i I "fi) 1 1 "(2) I • 

In particular, if ai, . . . , are creation or annihilation operators, the coprod- 
uct of oiv . . . va„ is given by equation (36) of Appendix A. 3. 

The counit of H is defined by = 1, e{a{s)) = and e{a\s)) = 
and extended to H by e(uvf) = e{u)£{v) for any u and v in H. Therefore 
e{u) = if M = a){s\) . . . a) {sm)a{sm+i) ■ ■ ■ o-ism+n) for m > or n > 0. The 
relation between Hopf algebra and quantum field concepts is strengthened by 
the following 
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Proposition 2.2. For any normal product, i.e. any element u €: H, the counit 
is equal to the vacuum expectation value: e{u) = (0|m|0). 

To show this, wo ovaluato e{u) and {0|?i|0) for all elements of a basis of H. 
The proposition is true for the unit because £(1) — 1 = (0|1|0). Take now a 
basis element of H u = (si) . . . {Sm)a{Sm+i) ■ ■ ■ a(Sm+n) for m > orn > 0. 
Then e{u) = = (0|u|0). The result follows for all elements of H by linearity 
of the counit and of the vacuum expectation value. This relation between the 
counit and the expectation value over the vacuum was already pointed out in 
[6]. 

To complete the description of the Hopf superalgebra H, we define its an- 
tipode by 7(o*(si)v . . . va*(s„)) = (— l)"a*(si)v . . . va*(sn), where a*(si) 

stands for a\si) or a{si). Moreover, H has a ^-structure generated by a{s)* = 
at(s). 



2.3 The Hopf superalgebra of field operators 

The operators used in the superalgebra Ajv of normal products are independent 
of space and time, they are indexed by the solutions of the classical equation. 
Now we introduce space- and time-dependent field operators for Dirac and scalar 
fields. An excellent description of field operators can be found in [30]. 



2.3.1 The field operators 

To define the Dirac field operator, we need to split the set of solutions of the 
Dirac equation into two groups, the positive energy states (/5>(a;;s) and the 
negative energy states </'<(a;, s). The solutions with positive energy are f^ix; n) 
with energy En < m (where m is the electron mass) for bound states and 
(p>{x;k,a) with energy cok = Vk ■h + m'^ for continuum states. The solutions 
with negative energy are assumed to be always continuum states <^<(a;;k, a) 
with energy —uJk. 

The Dirac field operator is defined by [31] 

2 

= ^'P>ix;n)bn+ dij{k)^ip>{x;k,a)baOi) +(p<{x;k,a)dl{k). 

n a=l 

In this expression, d/i(k) = m/(87r^a;/s)dk. Its Dirac adjoint is 

= X^</'>(a;;«')&l + / diJ,{k)'^(p>{x;k,a)bl{k) +<fi<{x;k,a)da{k). 

n ■' a=l 

with (p = v3^7" [31], where (p^ is the adjoint of the spinor Lp. The creation 
and annihilation operators are b\ and 6„ for bound states, b\^{k) and ^^(k) 
for positive energy scattering states and rf^(k) and rfa(k) for negative energy 
scattering states. 

For a neutral scalar field (j)(x) in the vacuum, the construction is simpler 



= j {ip{x; k)a(k) + ^\x; k)a\k))d^i{k). 



9 



2.3.2 The Hopf superalgebra of fields 



We define V as tfie vector space generated by the free fields (e.g. il>{x), tp{x) and 
(x) for all x in quantum electrodj^namics) . Then the Hopf superalgebra H = 
Sym(y) extends to a Hopf superalgebra structure on H = Sym(V^). The normal 
product of creation and annihilation operators extends to a normal product of 
fields, also denoted by v. For example 

(t){x)y4){y) = / d^(k)d^(q)(95^(.x;k)yj(y;q)a^(k)va(q) 



+ip^{x; k)ip'i{y; q)a^(k)vat(q) + ip{x; k)ip{y; q)a(k)va(q) 
+(fi{x; k)(p'^ {y; q)a(k) va^ (q)) . 

The coproduct is extended from the coproduct of H. This extension uses 
the fact that the transformation from V to is linear. For example 

AAi^{x) = Ai^{x)(g)l + l(giAi^{x), 
Aip{x) = tp{x) <S:l + llSitp{x), 
A[ilj{x)vip{y)) = ip{x)vip{y) ^ 1 + 1 ip{x)v'tl;{y) + i'{x) iSi ip{y) 
-i}{y)®i}{x). 

The counit of H is extended from the counit of H. Thus, e{(t){x)) = e{il){x)) = 
e{%i'(x)) = 0. The antipodc is defined by 7(w) = (— if u is the normal 
product of n elements of V, and extended to H by linearity, if is a graded 
commutative and graded cocommutative Hopf superalgebra. 

The ^-structure of quantum field operators is deduced from the ^-structure 
on creation and annihilation operators a{s)* = a^{s). It gives <f){x)* = 4>{x) 
for a neutral scalar field and tpix)* = ipH^) = a-^d tp{x)* = j^il){x) for 

Dirac fields. The ^-structure is related to the charge conjugation operator C of 
Dirac fields by Ci;{x)C'' = i^'^i){x)* (see [31]). 



2.4 Operator and time-ordered product of field operators 

In this section we show that, by properly choosing the Laplace pairing, we can 
twist the normal product into the operator product or the time-ordered product. 
The twisted product on H or H is given by equation (4). From the coproduct 
of these Hopf superalgebras and the definition (4) of the twisted product, we 
obtain the following simple examples, valid for a, b and c in ^ (or V). 

aob = avb + (a|5), (6) 

(av6)oc = av5vc+(-l)l^ll^l(a|c)6+(-l)l"ll''l+l'^ll'=l(6|c)a, 

ao(6vc) = av6vc+ (-l)l^ll'=l(a|c)5+ (a|fe)c, 

aoboc = av6vc+(a|6)c+(-l)l''l'"l(a|c)5+(-l)l"ll^l+l"ll'=l(5|c)a. 

Now we are going to specify the Laplace pairings relevant to the algebra of 
normal products H and the algebra of fields H. 



10 



2.4.1 The algebra of operator products Aq 

We call Wightman pairing the Laplace pairing defined as follows. For a scalar 
field in the vacuum the Wightman pairing is 

(a(k)|at(q))+ = ^i^, (7) 

where p(k) = (27r)~^m/\/k • k + m?, all the other pairings being zero. For Dirac 
fields we have 

{bn\bl)+ = Snp, 
(6„(k)|6t(q))+ = (d„(k)|4(q))+=<5„^fc^, 

all the other pairings being zero. This Wightman pairing twists the normal 
product into the operator product and the algebra An becomes the algebra 
Aq. But we need first to prove the following proposition 

Proposition 2.3. The twisted product defined by the Wightman pairing is equal 
to the operator product: for any elements u and v of An, uov = uv. 

For the case of a scalar field, we are going to show that the operator product 
of two elements u and w of Ajv is equal to the twisted product of these elements 
with the Wightman pairing (7). The proof for Dirac fields is analogous. 

For two operators a and 6, where a = a{s) or a = a^.s) and b = a{s) 
or b = a^(s'), equation (6) tells us that ao b = avb + {a\b)+. On the other 
hand we know from Wick's theorem [31] that the operator product satisfies 
ab = avb+ (0|a6|0) (recall that avb = -.ab:). The Wightman pairing was defined 
precisely so that (ci|6)+ = (0|a6|0), thus a o b = ab. This equality is valid for 
any elements a and b in V, the vector space generated by a{s) and a^s). 

We must now prove that uv = uo v for any u and v in A^- This is done 

by using Wick's theorem [3]. Wick's theorem is very well known, so we recall it 

only briefiy. It states that the operator product of some elements of V is equal 

to the sum over all possible pairs of contractions (see e.g. [32] p. 209, [33] p. 261, 

I — I 

[34] p. 85). A contraction^ ab is the difi^erence between the operator product 

I — I I — I 
and the normal product, ab = ab — avb, so that ab = (0|a6|0) = (a|6)+. 

If u = aiv . . . va„. Wick's theorem for bosons is proved recursively from the 

following identity [3]: 

n 

ub = uv6 + ^^(aj|6)+ oiv . . . vaj_ivaj+iv . . . va„. (8) 



Thus, to show that uob = ub we must recover equation (8) from our definition. 
In other words, we must prove 

n 

uob = uv6 + ^^(aj|6)+ aiv . . . vOj_ivaj+iv . . . va„. (9) 



^Contractions were first used by Houriet and Kind [35]. 
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To show this, wc make a recursive proof witii respect to tiie degree of u. We 
recall that an element has degree k if it can be written as the normal product 
of k creation or annihilation operators (see section A.l). We use the definition 
(4) of the twisted product and the fact that Ah = 6(g)l + l06to find 

uob = wv6 + ^(U(i)|6)+U(2). (10) 

The Wightman pairing (m(i)|6)+ is zero if is not of degree 1. According to 
equation (36) for Au, this happens only for the (1, n — l)-shufHes. By definition, 
a (1, n — l)-shuffle is a permutation u of (1, . . . , n) such that cr(2) < • • • < (j{n), 
and the corresponding terms in the coproduct of Aw are 

n 

aj (S) aiv . . . vaj_ivaj+iv . . . va„. 

Thus, we recover (9) from the Laplace identity (10) and the twisted product 
of u and b is the operator product of u and b. By linearity of the twisted and 
operator products, this can be extended to any element of A at and we have 
uob = ub for any u in Ajv and any h & V . k similar argument leads to 

aou = au, (11) 

for any a in V and any u in A^v. Now we proceed by induction. Assume 
that u o V = uv for any v € An and for u of degree k < n. We take now 
an element u of degree n and we calculate (ovu) o v where a is in V. We use 
avu = aou — X^(a|'U(i))+«(2) and we write 

{avu)ov = (a o u) o w — ^^(a|U(i))+U(2) o t; 

= go (uoy) — 'y^{a\u^l))-^-u^2) o y 

= ao (uv) - ^(a|7i(i,)+u,(2)?; = cmv - ^{a\u^r,)+u^2)V, 

by associativity of the twisted product and because of the recursion hypothesis 
and equation (11). By associativity of the operator product this can be rewritten 

{avu) o V = (au — ^^(a|u(i))+W(2))t' = (a o u — ^^(a|u(i))+W(2))i' 
= {avu)v. 

Therefore uov = uvifu is of degree n+1. By induction, this prove that uov = uv 
for an element u of any degree. By linearity, this shows that uov = uv for any 
u and V in and the property is proved for bosons. 

Adding the proper signs, the same proof shows that uov = uv ii A^f contains 
boson and fermion fields. 



2.4.2 Operator twisting of the algebra of fields 

The Wightman pairing (|)+ on the algebra Ajv of normal products extends to a 
Laplace pairing (|)+ on the algebra of fields An, that we also call the Wightman 
pairing. For scalar fields we obtain 

{ct>{xmy))+ = /v'(^;k)t^(y;k)d/x(k). 
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which can again be defined as = {0\(j){x)(j){y)\0). The Wightman 

pairing for the product of Dirac fields is 

{ip{x)\i(j{y))+ = ^v'>(a;;n)(^>(y;n) + ^ / (/?>(a;;k,a)(^>(y;k,a)d/x(k), 

n a=l 

{i>{x)\i>{y))+ = J2 <^<(3^;k,Q;)(^<(y;k,a)d/i(k), 
{i>{xmy))+ = 0, (;p{x)my))+ = 0. 
For scalar fields in the vacuum this gives us 



(27r)32u;fc 



For Dirac fields in the vacuum 

= J ^S{p' - m)e(p°)(7 • P + m)e-'^-^--y\ 
{^{xmy))+ = - J -^S{p^-m)0i-p'>)ij-p + m)e-'P<--yK 

The proof of Proposition 2.3 can be repeated to show that 

Proposition 2.4. The twisted product defined by the Wightman pairing is equal 
to the operator product of fields: for any elements u and v of Apf, uo v = uv. 

Therefore, the Wightman pairing twists the algebra of normal products 
of fields into the algebra Aq of operator products of fields. Notice that the Dirac 
operator D ~ i-f ■ dx — m annihilates the Wightman pairing: D{il){x)\'tjj{y))+ = 
D{^{x)\7P{y))+ = 0. 

2.4.3 Time-ordered twisting of the algebra of fields 

We call Feynman pairing the Laplace pairing defined by 

{m\m)F = 9{x'-y'mxM{y))+ + 9{y°-x°){<P{yM{x))+, 
for scalar fields and 

{tp^{x)\il}^,{y))F = -(V'e(y)IV'j(a;))F 



9{x'-y')iMxMi'iy))+-0iy°-x°){i^^,{y)\Mx)) 



+ > 



(V(x)|V(t/))F = 0, (V(a;)|V(y))F=0, 



for Dirac fields. The Feynman pairing is proportional to the Feynman propaga- 
tor: {tp{x)\'ip{y))F = iSpix — y). In the vacuum 



{■^{x)\il){y))F = i 



dfc c-^k-(x-y) 

{2'kY j ■ k — m + ie 
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The action of the Dirac operator on the Feynman pairing is D{'tl>{x)\ip{y))F = 
iS{x - y). 

The time-ordered product satisfies the same Wick theorem as the operator 
product [36]. Thus the same proof can be used to show 

Proposition 2.5. The twisted product defined by the Feynman pairing is equal 
to the time- ordered product: for any elements u and v of An, uov = T{uv). 

Therefore, the Feynman pairing twists the algebra Am of normal products 
of fields into the algebra At of time-ordered products of fields. We saw that 
the twisted product is associative. Thus, the time-ordered product of free fields 
is associative. As far as we know, this property of time-ordered products was 
never pointed out explicitly. 

2.4.4 ^-structure and real Laplace pairings 

The *-structure satisfies (u\/v)* = u*vw*. A Laplace pairing is called real (see 
[24] p. 55) when the corresponding twisted product satisfies [u o v)* = v* o u* . 
In this section we investigate the properties of a real Laplace pairing. First, it 
can be shown that a Laplace pairing is real if and only if {u\v)* = {v*\u*). 

In the case of Aq, it can be checked that the Wightman pairing (|)+ is real, 
because the density p(k) is real. For a neutral scalar field, 4'{x)* = 4>{x) and 
{4>{x)\(j)(y))*^ = (0(2/)|0(.t)) + . Thus, the Wightman pairing is real. Similarly, for 
a Dirac field {%lj{x)\tl){y))*^ = {%jj{y)*\'ijj{x)*)+. Thus, these Wightman pairings 
are real and we have {uv)* = v*u* , which is the expected behaviour of operator 
products. 

The Feynman pairing {\)f corresponding to the time-ordered product is not 
real. However, the ^-operation is still important because it is related to the 
time-reversal symmetry (see Section 3.3.4). 

2.4.5 Closed formulas for Wick expansion and expectation values 

We present here the application of the Hopf algebra approach to the calculation 
of iterated products and their vacuum expectation values. Similar results were 
obtained for the bosonic case in [37]. To state these results we first need to 
define the powers A'^ of the coproduct as A"a ~ a, /S}a = Aa and A^'+^a = 
(id ig) • • • (g) id ® A) A*^a. Their action is denoted by A'^a = ^ a^i-, (S) ■ ■ ■ <E> a(fe+i) • 
For the vacuum expectation values we have now 

Proposition 2.6. For u^, . . . , u" in H or H we have 

n j — 1 

e{u'o...ou-) = E("i)^"nn("Ui<))' (12) 

(«) j=2 1=1 

where the index {u) means that we sum over the required powers of the coproducts 
of u^,. . . ,u" and where 

n i — 1 i — 1 k — 1 

i=3 j=i fe=2 ;=i 
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In the case of the time-ordered product of quantum fields, the right hand 
side of equation (12) is written as a sum of Feynman diagrams. Our formula 
is also valid for the vacuum expectation value of the operator product of fields. 
An example of the application of this formula to scalar fields was given in [37]. 

For the Wick expansion of operator products or time-ordered products of 
fields, we have the 

Proposition 2.7. For u^, . . . , in H or H we have 

u'o-.-ou- = Y.{-lf(^^e{ul,o...oul,)u\,,y...yul,, (13) 

(u) 

where 

n k—1 
fe=2 1=1 

In perturbative quantum field theory, this equation is used for the calculation 
of the S-matrix: the product o is then the time-ordered product and v} = ■ ■ ■ = 
m" = C, where £ is the interaction Lagrangian of the theory. As an example, 
we consider the Lagrangian for the theory: C{x) = (j)^{x), where (j/^{x) 
denotes the normal product of n fields (l>{x). The binomial formula gives us the 
coproduct of £(a;): 

and equation (13) becomes, in the usual notation 

T{cl>^-{x^)...r-{Xm)) 

(0|T(r(a;i) 

where T is the time-ordering operator and :u: stands for the normal product. 
This equation can be found, for example in refs. [38, 39]. Our equation (13) is 
more compact and much more general: it is valid for bosons and fermions, for 
products of any elements u of H (and not only of ^"(a;)), for operator products 
as well as time-ordered products. 

The proof of these formulas was given in [37] for bosonic fields, so we leave 
to the reader the determination of the additional signs. However, we give the 
main lemmas that lead to them. 

Lemma 2.8. For u^, . . . , u" and . . , v"^ in H or H we have 

n m 

iu\...yu^\v\...vvn = E (-l)''"'"nnK)K)). (15) 

{u){v) i=lj=l 

where the sign (—1)^'"" is given by 

71 TTt 1 J 

Fnm = EEE(K)I' + EEK)IKo|)- 

i=l 3 = 1 {u) k=l l=\ 



^{xm))w.r'-''{xi). 
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To obtain this equation, we used the fact that the Laplace pairing is even, 
so that = Two special cases are important [26]: (i) when all and 

are in V" or F and arc fcrmionic 

{u\...vu''\v\...vv"') = 5„,„(-l)"("-i)/2^et(u>^'), 

and (ii) when all and are in or and bosonic 

(u^v . . . vu"|u^v . . . vw™) = ^TO,„perm('u'|v-'), 

where perm(M'|t;-') is the permanent of the matrix {u''\v^). 

To calculate iterated products recursively we need the following identity: 

Lemma 2.9. For Ui, . . . ,Un in H or H, 

A{u'o...ou^) = ^(-l)^(")4,o...ou7,,®«J,,v...v<,„ (16) 
(«) 

where F{u) is given by equation (14)- 

These results illustrate the power of Hopf algebra methods to derive explicit 
expressions in quantum field theory. 

3 Cohomology 

In this section we uncover some of the deeper mathematical structures that 
lie behind the twist construction of the time-ordered product and the operator 
product. Principally, these are Sweedler's Hopf algebra cohomology and the 
Drinfeld twist. These new insights in turn give us new tools for quantum field 
theory that will be exploited subsequently to describe interactions (Section 4) 
and non-trivial vacua (Section 5). 

3.1 Cohomology of Hopf superalgebras 

In this section we review the basics of Sweedler's cohomology theory of cocom- 
mutative Hopf algebras [18] generalized by Majid [24]. We adapt it here to the 
Hopf superalgebra case. 

3.1.1 Convolution product 

Let if be a Hopf superalgebra. Consider the set L"(iJ) of even linear maps 
(g) • • • (g) — > C on the n-fold tensor product of H. A linear map x is even if 
x(ai. .... a„) = when |ai| + • • • + |a„| is odd. Let 4> and ij: be two even maps. 
We define their convolution product as the element in L" {H) given by 

{4>-ki]j){ai, . . . ,a„) = 

^(_l)EX=.Et-/ |aMi)lkK2)|^(«^^^^^ . . . ,a„a))V'(ai(2), . • (17) 

For example, the product of ■i/' € L^{H) reads simply 
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For (p,^) G the product is 



The convolution product makes L"{H) into an algebra. It is unital with the 
unit given by e(ai, . . . , a„) — s{ai) ■ ■ ■ £(a„). Thus, a convolution inverse for an 
element x S L^{H) is an element x~^ S L^{H) such that X*X~^ = X~^^X = e. 

3.1.2 Cochains and coboundary 

An n-cochain is an element x € L^{H) such that x is convolution invertible and 
counital. Counitality is the property 

X(ai, • . . , flii-i, 1, tti+i, . . . , a„) = £(ai) • • • £(aj_i)e(aj+i) • • • e(a„), (18) 

for alH G {1, . . . , n}. We denote by C"{H) the set of n-cochains on H. The set 
C"{H) forms a group with the convolution product. The unit element is the 
cochain e(ai, . . . , a„) = e{ai) ■ ■ ■ e(a„). 



For i = 0, . . . n + 1 consider the maps : C"(if) ^ C"+i(if) defined by 
{diX){ai,---,an+i) =x{ai,---,aiai+i,---,an+i) Vie {l,...,n}, 



We usually write just d instead of 9". 
3.1.3 Cohomology groups 

An n-cochain x with the property dx = e is called an n-cocycle. The cocycles 
from a subset Z^{H) of C"(-ff). ExpHcitly, the cocycle condition for a 1-cochain 
comes out as 



^(_l)k(.)ll^i)l^^^„6^^,);^(a,,,6,,,,c). (23) 



*Note that the group operation appearing in the definition of the coboundary map is not 
the vector space addition as e.g. in Ilochschild cohomology. Nevertheless, in order to give rise 
to a cohomology the group operation has to be abelian, see below. 



(^oX)(ai,--- ,an+i) =£(ai)x(a2,...,an+i), 
(^n+iX)(ai, • • • , On+i) = x(ai, • • • , an)e{an+i). 

The map 9" : C"(iJ) ^ C"+i(//') defined by 

a"x = (5o"x) * {d^x) id^X-') * (^3 X"') (19) 

is called the coboundary map.^ For example. 




X{a)x{b) = X{ab), 
while the 2-cocycle condition can be written as 



(22) 
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An n-cochain x that arises from an (n — l)-cochain ^ as x = 9^ is called an 
n-coboundary. The coboundaries also form a subset B^{H) of C"'{H). 

Now assume that H is graded cocommutative. The convolution product is 
then commutative and C"'(H) is an Abelian group. Furthermore d becomes a 
group homomorphism and both Z"[H) and B^[H) become groups. Moreover, 
we then have 

dd(, = e, 

so that an n-coboundary is in particular an n-cocycle. Thus B"{H) is a subgroup 
of and we can form the quotient group = Z"" {H) / B"" {H) . This 

is called the nth cohomology group of H .° 

3.2 Drinfeld twist 

In this section we review basic properties of Drinfeld twists due to Drinfeld [2] 
and Sweedler [18]. We present a version adapted to Hopf superalgebras. 

We first recall the notions of comodule (representation) and comodule su- 
peralgebra. A (left) comodule of a Hopf algebra H \s a. vector space A together 
with a linear map (} : A ^ H ® A such that (id ® /?) o /? = (A (g) id) o /? and 
{e o p ~ id. /? is called a coaction. For coactions we also use a modified 
version of Sweedler's notation with the component in the comodule underlined, 

/5(a) = Eod) ® "(2)- 

Consider a comodule A oi H that is at the same time a superalgebra. It 
is called a comodule superalgebra of H if product (denoted by •) and comodule 
structure satisfy the following compatibility condition: 

^(a • 6)(i, ® (a • 6)(,) = ^(-l)l^i)ll"(2)la(,)6(i, a^,^ ■ b^^y 

3.2.1 Twisting Hopf superalgebras and comodules 

Let H he & Hopf superalgebra and x ■= Z'^{H) a 2-cocycle on H. There is a 
new Hopf superalgebra H^, the twist of H by x- has the same unit, counit 
and coproduct as H but a different product and antipode. The new product is 
given by 

a»b = ^(-l)l^l)l(l"(2)l + l«(3)l) + l*'(2)l|0(3)l 

x(a(i),6(i))a(2)6(2)X"^(a(3),&(3)). (24) 

It turns out that a twist can be applied not only to the Hopf superalgebra 
itself but also to its comodules.^ If a comodule A is a comodule superalge- 
bra the twist affects its superalgebra structure. A is twisted into a comodule 
superalgebra A^ of with the new associative product o defined by 

aob = ^(- 1) 1 'x(«(i) , )a(2) • 6(2, . (25) 

^Of course only in this case of graded cocommutativity the word "cohomology" is fully 
justified. Indeed this is the only situation of interest in the present paper. However, important 
elements of the cohomology remain applicable in the case of non (graded) cocommutative Hopf 
algebras. 

^The twist gives rise to an equivalence of the monoidal categories of comodules of H and 
H-^ [2]. This is explained in detail in [10]. 
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If H is graded cocommutative, its product remains unmodified under a twist 
and H-^ is the same as H . However, this is not true for a comodule superalgebra 
A of H . In general is different from A even in the graded cocommutative 
case. Indeed, the difference between twisted comodule superalgebras is related 
to the cohomology of H as follows: 

Proposition 3.1. Let H he a graded cocommutative Hopf superalgebra, A a 
left H -comodule superalgebra and rj,x G Z'^(H). If ri and x o,re cohomologous 
in the sense of rj = dp-kx for p E C^{H), then Ajj and A^ are isomorphic as 
comodule superalgebras. An isomorphism T : A^f ^ A^ is explicitly given by 
T{a) = EpKi))a(2). 

If A = H with the coaction given by the coproduct, the converse is also true. 
That is, if Arj and A^ are isomorphic as comodule superalgebras then rj and x 
are cohomologous. 

A proof based on [24] can be found in Appendix B.2. 
3.2.2 Twisting and ^-structure 

Suppose that is a Hopf ^-superalgebra in the sense of Appendix A. 2 and A 
a graded left comodule of H equipped with an involution * : A ^ A. Then we 
call A a *-comodulc if the coaction satisfies 

E(«*)<^) ® = E(-l)'"<^'"'''"''(«(^))* ® M*- (26) 

In the same way we can define a *-comodule superalgebra A. In this case we 
can furthermore investigate under which circumstances a 2-cocycle x gives rise 
to a twisted comodule superalgebra A^ which is again a *-superalgebra. Indeed 
it is straightforward to verify that a sufficient condition on x for this to happen 
is 

x(a*,6*)=^^(M- (27) 

A 2-cocycle satisfying this property we call real. Our definition is inspired by 
the analogous definition for coquasitriangular structures in the literature [24, 
Definition 2.2.8]. It extends the definition for real Laplace pairing given in 
Section 2.4.4. 

3.3 Cohomology in quantum field theory 

We are now ready to interpret and extend the results of Section 2 from a coho- 
mological point of view. 

3.3.1 The twisted field algebras as Drinfeld twists 

Recall from Section 2.3 that the field operators with the normal product form 
a Hopf superalgebra H. Forgetting the coproduct and counit we also denoted 
this superalgebra by A^- Then we discovered in Section 2.4 that for certain 
Laplace pairings on this Hopf algebra we obtain new twisted algebras Aq , At 
using (4) which reproduce either the operator or the time-ordered product. 

Armed with the tools of Hopf algebra cohomology (Section 3.1) and the 
Drinfeld twist (Section 3.2) we see more clearly what is going on. Namely, the 
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Laplace pairings give rise to Drinfeld twists of Ajv as a comodule superalgebra 
of H . Let us clearly explain this step by step. 

Firstly, a Laplace pairing (in the graded cocommutative case) is in particular 
a 2-cocycle. 

Lemma 3.2. Let H he a graded cocommutative Hopf superalgebra. Then a 
Laplace pairing, i.e. a map X'- H ®H ^ €, with the properties (1), (2) and (3) 
is a 2-cocycle. 

Proof. Equation (3) is the counitality property (18). Let 77 be the linear map 
H ^ H C defined by 7/(a, /;) := x(7(oi)) b). It is elementary to check that 77 
is the convolution inverse of x- Thus, X is a 2-cochain. Finally, using graded 
cocommutativity the cocycle condition (23) readily follows from equations (1) 
and (2). □ 

Secondly, An is a comodule superalgebra of H. Indeed, any Hopf superal- 
gebra has a comodule superalgebra which is just a copy of itself. The coaction 
to be taken is the coproduct, i.e. X^'^ci) '^(i) S "^(i) ® "^(2) in the notation 
introduced above. A Laplace pairing x on H, being a 2-cocycle, gives rise to 
a Drinfeld twist of H according to (24) . Since H is graded cocommutative the 
twisted Hopf superalgebra is identical to the untwisted one. x also gives 
rise to an induced twist of the comodule superalgebra An according to (25). 
Since the coaction is given by the coproduct we recover the initial twist formula 
(4) with a new interpretation. This also explains why the twisted superalgebras 
Ao and At are no longer Hopf algebras: An was not considered a Hopf algebra 
from the beginning, despite the "accident" An = H.'^ 

Recall that apart from the superalgebra structure we use one more piece of 
the Hopf algebra structure oi H on An . This is the map e : An ^ C which is the 
counit on H. As was shown in Proposition 2.2 it plays the role of the vacuum 
expectation value. The twisted superalgebras Aq and At inherit the map s 
without change.^ e continues to play the role of the vacuum expectation value. 
Only equipped with e carry the superalgebras the full information of quantum 
field theory. Superalgebras such as An,Ao,At, which carry the additional 
structure of a linear function A ^ C are called augmented superalgebras. 

For the ^-structure we remark that An and H could in principle have turned 
out to have different ^-structures. What is important is only that An is a *- 
comodule superalgebra of H in the sense of (26). The results of Section 2, 
however, imply that putting the same ^-structure on H and An (namely that 
of the t operation in ^jv) leads to consistent results. 

3.3.2 Cohomology of Sym(l^) 

We turn to cohomological aspects of the relevant Hopf superalgebra H of field 
operators. Recall that H has the structure of the graded symmetric Hopf su- 

''One might envision applications to quantum field theory where H is difi'erent from Am, 
but this is beyond the scope of the present paper. 

*This is perfectly justified from the Drinfeld twist point of view. Morally speaking, the 
twist does not affect comodule structures and comodule maps as such but the tensor product 
of comodules (and hence a comodule algebra structure as its definition involves a tensor 
product of comodules). The deeper meaning of this lies in the fact that the twist gives rise 
to a monoidal equivalence of comodule categories. This equivalence is mediated by a functor 
that transforms objects and morphisms trivially and only tensor products non-trivially. See 
Section 2 of [10] for a more explicit exposition of these facts. 
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peralgebra Sym{V), where V is the space of field operators. The cohomology 
groups of Sym(y) (in the bosonic case) are discussed in Appendix B.l. More 
relevant for the application to quantum field theory, are the following results 
about the structure of cochains. The proofs of the Lemmas are elaborated in 
Appendix B.2. 

Let us write V = Vb®Vi for Vq the even (bosonic) and Vi the odd (fermionic) 
part of V. To case notation we simply write C", and B" for cochains, 
cocycles and coboundaries of Sym{V). Denote by A'^^ the set of 1-cochains of 
Sym(y) that vanish on the subspace V C Sym{V). As is seen immediately they 
form a subgroup of . 

Lemma 3.3. is equal to the direct product x of its subgroups. This 
implies that : —^ is invertible, i.e. is an isomorphism of groups. 

We call a 2-cochain x symmetric if it satisfies the property 

X(6,a) = (-l)l«ll''lx(a,6) (28) 

for all a,b G Sym(y). One easily checks that the symmetric 2-cochains form a 
subgroup Cgyjn of C^. 

Lemma 3.4. B^ = Z^^^^. That is, the 2- coboundaries are precisely the sym- 
metric 2-cocycles. 

By Lemma 3.2 a Laplace pairing as defined in Section 2.1.2 is in particular 
a 2-cocycle. Furthermore, the convolution product of Laplace pairings is again 
a Laplace pairing. Thus, they form a subgroup of Z^ which we will call B? . 

The introduction of something like "antisymmetric" 2-cochains is less straight- 
forward. We limit ourselves here to Laplace pairings. We call a Laplace pairing 
antisymmetric if it satisfies the property 

x{w,v)=-{-lt\\'^\x(v,w) (29) 

for all v.,w & V . The antisymmetric Laplace pairings form a subgroup i?asvm of 

Lemma 3.5. Z^ is equal to the direct product B^ x -Rasym 'its subgroups. 

From Lemma 3.3 and Lemma 3.5 it follows that the first two cohomology 
groups are given by = and = i^asym) but we shall not need these 
results here. 

3.3.3 The operator product 

We saw in Section 2.4 that the operator product of quantum field theory, i.e. 
the product on Aq, is induced by a twist of An with the Wightman pairing (|) + 
on H. The fact that Aq is not commutative and thus not isomorphic to A^ is 
nicely reflected in the cohomology. Namely, the 2-cocycle (|)-|- is not symmetric 
in the sense of (28) and thus by Lemma 3.4 it is not a 2-coboundary. Hence by 
Proposition 3.1 (take rj = e, the unit cochain, and x = (|)+) the algebras An 
and Ao cannot be isomorphic. 

Since the Wightman pairing (|)+ is real in the sense of (27) the superalgebra 
Aq is a *-superalgebra as is An. This was already remarked in Section 2.4.4. 
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3.3.4 The time- ordered product 

According to Section 2.4 the timc-ordcrcd product is obtained from the Feynman 
pairing {\)f, twisting the superalgebra ^jv into the superalgebra At- As is 
well known these superalgebras An and At are isomorphic as superalgebras. 
From the cohomological point of view this emerges as follows. The Feynman 
pairing {\)f is symmetric in the sense of (28) and thus by Lemma 3.4 it is a 2- 
coboundary. Hence by Proposition 3.1 the algebras ^jv and At are isomorphic. 

However, this does not mean that the "deformation" of Ajy into At is trivial 
from the point of view of quantum field theory. Recall that the information 
of quantum field theory is not contained in At alone, but crucially requires a 
map £ : At C describing the vacuum expectation value. That is, we are 
dealing with augmented superalgebras and as such (Ajv,£) and {AT,e) are not 
isomorphic. In particular, for an isomorphism T : An — > At the composition 
e o T is different from e. 

Proposition 3.1 (take rj = e and x = (|)f) not only tells us that An and At 
are isomorphic but even provides us with one explicit isomorphism T : An — > At 
for each 1-cochain p that satisfies x = i9p)^^- The choice of such 1-cochains p 
is parametrized by a 1-cocycle. We can select a unique 1-cochain p by imposing 
suitable conditions on the associated isomorphism T. A natural choice is to 
demand T to act identically on V, i.e. T(v) = v for all v G V. This is motivated 
by giving T the role of a time-ordering operation. Since T is given according 
to Proposition 3.1 by T{a) = p(a(i))ci(2) this would imply p{v) = for all 
V ^ V, i.e. that p G N^. Lemma 3.3 implies that we can indeed choose p to lie 
in and furthermore, that this determines p uniquely. This gives rise to the 
following result. 

Proposition 3.6. Let x be a 2-coboundary on H . Denote by o the induced 
twisted product on the twisted comodule superalgebra At- There exists a unique 
1-cochain p such that {dp)~^ = x and p{v) = for all v € V . The superalgebra 
isomorphism T : An At given by T{a) = p(ci(i))<i(2) satisfies 

T{viV---VVn)=ViO---OVn, (30) 

for Vl, . . . ,Vn €V. 

Proof. As already mentioned p{v) = for v G V impHes T{v) = v. Thus T 
being an isomorphism implies T(?;iv • • • vu„) = T{v\) o ■ ■ ■oT{vn) = Vio- ■ -ovn. 
This is all that remained to be shown. □ 

Note that we have formulated the Proposition in a slightly more general way 
than required, by replacing the Feynman pairing with a general 2-coboundary. 
As desired, equation (30) can be interpreted as a realization of the time-ordering 
operation of quantum field theory as a superalgebra isomorphism between An 
and At- 

By definition of T the 1-cochain p has the property p = e oT. This implies 
that a vacuum expectation value can be expressed directly in terms of p. 

Corollary 3.7. 

(Q\(j){xi) o ■ ■ ■ o (j){xn)\0) = e((/)(xi) o • • • o (/)(x„)) 

= e(r(0(,xi)v-v<^(a;„))) 

= p{(l){xi)v ■ ■ - vcpixn)). (31) 
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In this sense, p encodes directly the free n-point functions. 

While we were so far only concerned with the definition of p we turn now 
to its computation. Due to Lemma 3.3, p S N^{H) is determined completely 
by (|)f = i9p)^^ as is invertible on N^{H). Indeed we can use (20) for a 
recursive definition of p. Namely, set p(l) = 1, p{v) = and p{vvw) = {v\'w)f- 
Then define p recursively on subspaces of ^jv of increasing degree by 



As already mentioned in Section 2.4.4 the Feynman pairing {\)f is not real 
and At is indeed not a *-superalgebra. Nevertheless, the involution * can be 
combined with the time-ordering map T in an interesting way. Namely, consider 
the map T*{a) := (T(a*))* for a G An- This anti-time-ordering operator was 
first considered by Dyson [40] and plays an important role in non-equilibrium 
quantum field theory [41, 42, 43]. Our definition of the anti-time-ordering op- 
erator follows ref. [44]. It yields (here for fermionic fields ip) 



In other words, T* orders the fields by decreasing times from right to left. 
Defining the 1-cochain p* = e oT* we see that the anti-time-ordered product 
is a twisted product via the Laplace pairing (|)t' = {dp*)~^. More explicitly 
(again for the example of fermionic fields) this Laplace pairing is determined 
by {ip{x)\'il]'^ {y))T* = {ip{y)\'ip'^{x))F- The map T* thus becomes an algebra 
isomorphism T* : An ^ At*, with At* the algebra of field operators with the 
anti-time-ordered product. 

In non-relativistic quantum theory, time-reversal symmetry is implemented 
by complex conjugation [45, 46]. In relativistic quantum field theory, the time- 
reversal operator 9 acts on fermion fields by 9(x('(.t", x)) = irf^"f'^tlj(—x^,yi), 
which does not involve the *-structure. The time-reversal operator relates the 
time-orderings by T{Q{a)) = Q{T*{a)) for a e ^jv- 

4 Interactions 

Up to now we have exclusively dealt with free quantum field theory. In this 
section we extend our treatment to interacting fields. On the one hand we will 
show how our approach to quantum field theory links up with standard pertur- 
bation theory. On the other hand we will discuss implications for interacting 
quantum field theory in general, and possible connections to non-perturbative 
approaches. 

4.1 Standard perturbation theory 

Introducing interactions in the standard perturbative way is straightforward, 
given the free n-point functions. Let us generically denote field operators by 
(t){x), leaving out internal indices. 

Following the usual perturbation theory we write the action as S = Sa + 
AS'int, where Sq is the kinetic term and A the coupling constant. Following a 




T*(V'(x)vV^(2/)) 



,0 



x°)^(x)Vt(2/) - ^(^° - jh^^\y)^P{x). 
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path integral notation the interacting n-point functions are given by 



(O|r(0i„t(xi),...,<^int(a;„))|O) 



J Dcf) e«So+iASi„t 

Efc ^(^A)^(O|^(0(.Tl)v ■ ■ ■ v0(x„)v5yfe 

Efe^(*A)'=(o|r(5vfe)|o) 



(32) 



Here, S^J^ denotes the fc-fold normal product of Sint with itself and S^^ = 1. 
Alternatively, in terms of an S-matrix 



'5 = Em(*^)'(^^'^'"*))' 

k=0 



we obtain 



e{S) 

where o denotes the time-ordered product. 

We emphasize, that the difference to conventional approaches is not only 
notational. While the path integral method is capable of the evaluation of eqn. 
(32), it is usually evaluated by recursive means using functional derivatives. 
Such algorithms were demonstrated to be computationally ineffective [16, 17]. In 
such a recursion, terms occur which cancel out during further steps of evaluation 
in the recursion. Since these terms may even contain divergent integrals which 
need to be renormalized, this can cause confusion and wastes labor. In contrast 
to this finding, tho Hopf algebraic version eqn. (33) can bo evaluated directly 
using the formulas provided in Section 2.4.5. The remarkable fact behind these 
formulas is that they are explicit and efficient for any order. It can be shown 
that they yield exactly as many terms as are potentially non zero. Especially 
one may note that no cancellations take place, as long as no further symmetries 
are encountered in the pairings involved in the employed twists. The formulas 
(12) and (13) prove to be algorithmically optimal in this sense. 



4.2 Beyond perturbation theory 

We turn now to general considerations of quantum field theory beyond any per- 
turbation theory. We consider the same field operators and thus the same Hopf 
superalgebra H and superalgebra An as before. Recah that ah the informa- 
tion of a quantum field theory (interacting or not) is encoded in the n-point 
functions. We write generically 

Pint(0(a;i)v • • • V^{Xn)) ■■= (0|T(^i„t(a;i), . . . , ^int{Xn))\0) ■ 

From this point of view, the set of n-point functions is nothing but a 1-cochain 
Pint on H (since (0|1|0) = 1). 

For the free theory we saw in Section 3.3.4 that the Feynman pairing {\)f 
leads to a 1-cochain p that encodes directly the n-point functions (31). p was 
the 1-cochain in N^{H) determined by the property {\)f = {dp)~^. Indeed, we 
can turn this argument round: 
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Proposition 4.1. Let p G N^{Sym{V)) , then x = (dp)^^ is a 2-cocycle whieh 
induces a twisted product o in Sym{V) as a comodule superalgebra over itself 
with the property 

p{vi\f ■ ■ ■ VVn) = S{VI O • • • O Vn), 

for Vi,...,VnGV. 

Proof. By Proposition 3.1 T{a) = P(o'(i))a(2) is a superalgebra isomorpiiism 
between the original and the twisted superalgebra. The statement is then ob- 
tained by applying the counit to (30) with the proof as in Proposition 3.6. □ 

This means, given an arbitrary set of n-point functions p-mt satisfying Pint(l) = 
(0|1|0) = 1 and pint{<p{x)) = (0|(/)int(a;)|0) = 0, we can construct a twisted 
product o which recovers these n-point functions. This product is thus the 
time-ordered product of interacting fields. The 2-cocycle inducing this product 
is simply Xint '■= {dpiat)~^- We can view this as a kind of (algebraic) recon- 
struction result in the spirit of Streater and Wightman [47], although for the 
time-ordered and not the operator product. 

Furthermore, according to Proposition 3.1 and analogous to Section 3.3.4 
we obtain an isomorphism of superalgebras Tint '■ ^T,mt via Tint(a) := 

X] Pint(a(i))a(2)- This isomorphism might be viewed as an interacting time- 
ordering, i.e. it takes care at the same time of the interaction and the time- 
ordering. Thus, we may write 

(0|T(,^int(a;i), . . . , (pintixnW) = e{Tint{<i>ixi)v ■ ■ ■ v<^(a;„))). 

What we have thus shown is that not only a free quantum field theory can be 
completely encoded in a 2-cocycle on H, but any quantum field theory defined 
through polynomial n-point functions can be thus encoded (provided its 1-point 
functions vanish). What is more, whether the theory is free or not corresponds 
to a simple property of the 2-cocycle. We define free here to mean that n-point 
functions factorize into 2-point functions according to (12). 

Proposition 4.2. Let a quantum field theory be given in terms of H = Sym(y) 
and a 2-cocycle x on H inducing the interacting time- ordered product. Then the 
theory is free if and only if x is a Laplace pairing. 

The proof is straightforward now. If x is a Laplace pairing the n-point 
functions are determined by the 2-point functions according to formula (12) and 
thus the theory is free. Conversely, if the theory is free formula (12) holds and 
we can thus construct a Laplace pairing that reproduces the n-point functions. 
Since these determine x uniquely it must be identical to the constructed Laplace 
pairing. 

5 Non-trivial vacua 

In this section, we illustrate again the computational power of Hopf algebras by 
solving a problem of quantum chemistry. 

A state is a Hnear map p from Am to C such that p(l) = 1 and p{u*u) > 
for any element u of An [48] (recall that u*u is the operator product of u* and 

v). The pure states arc states of the form p{ii) = {i;\u\'ij.)) , where is a vector 
of the Fock space and the states that are not pure are called mixed states. 
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They can be written as a weighted sum of pure states. Physically relevant pure 
states are such that {ip\u\il)) = if m contains an odd number of Dirac fields. 
Thus we consider states p{u) which are zero if u contains an odd number of 
Dirac fields. Since p is finear, even and p{l) = 1, a state is 1-cochain. 

In reference [19], Kutzelnigg and Mukherjee study the following problem of 
quantum chemistry. Assume that a quantum system is described by a state p, is 
it possible to define normal products adapted to pi The usual normal products 
are adapted to the vacuum because e(u) = (0|w|0) is zero if u has no scalar 
part (i.e. no part proportional to 1). To adapt a normal product to a state p, 
we start from an element u £ An and we want to find an element u such that 
p{u) = e{u), so that the state p can be considered as the new vacuum of the 
system. Kutzelnigg and Mukherjee investigated this problem for pure states and 
they solved it for elements u which are the normal product of a small number of 
creation and annihilation operators. The Hopf algebra methods will enable us 
to solve it for general states and to give formulas that are valid for any u G A^- 

The solution of this problem is quite simple. We just have to define 

u = (34) 

because p{u) = X)p~"^(m(i))p(m(2)) = {p~^ * p){u) = e{u). Notice that formula 
(34) is another instance of a T-operator, where p is replaced by p~^. 

Let us give a few examples. In this section we consider Dirac fields, which 
are relevant for this type of applications. The convolution inverse p^^ is even 
because p is even. It can be computed recursively by (see reference [49], p. 259) 

p-'W = 1, 

p-\u) = -p(u) - ^ p-l(U(i))p(U(2,), 

where X)' '^(i) ""(2) ■= — 1 (X ?i — ?i (Xi 1 for u e An and u contains the product 
of two or more creation or annihilation operators. The first examples for Dirac 
fields are 

p^^{avb) = —p{avb), 
p~^{a\/bvcvd) = —p{avbvcvd) + 2p{avb)p{cvd) 

—2p{a\/c)p{b\/d) + 2p{ayd)p{byc), 

where a, b, c, d are Dirac creation or annihilation operators. From p~^ and equa- 
tion (34) we can calculate the first adapted normal products of Dirac fields. 

a, 

avb — p{ayb), 

avbvc — p{a\/b)c + p{awc)b — p{b\/c)a, 

avbvcvd — p{avb)cvd + p{avc)byd — p{byc)avd 
—p{a\/d)bvc + p(b\/d)a\/c — p{cvd)avb — p{avbvcvd) 
+2p{a'vb)p{cyd) — 2p{ayc)p{byd) + 2p{ayd)p{bvc). 

It can be checked that these u coincide with the adapted normal products defined 
in reference [19]. 



a 

■ 

' = 

avbvcvd = 
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The second question posed by Kutzelnigg and Mukhcrjcc is: once we iiave 
defined adapted normal products, how can we express their operator products? 
Again, the Hopf algebra methods yield a complete answer. Starting from u and 
V we look for a 2-cocycle x such that 

uv = 5^(-i)i"(^)ii''(i)ix(M(i),t^(i,)w;;;^.). (35) 

The answer is now expected by the reader: x = {'^P~^) * (•l-)+- 

At this stage, it will be useful to give a few examples to show the kind of 
expressions that are obtained by a direct calculation. According to Lemma 3.4, 
dp~^{u,v) = (— 1)1"! w). The value of dp~^{u,v) for the simplest 

elements of Aj^ is, again for Dirac fields, 

dp~^{a,b) = p{ayh), 
dp~^{avb,cvd) = p{aybvcyd) — p{ayb)p{c\/d), 
dp~^{a,bvc\/d) = p{avbwcvd) — p{a\/b)p{cyd) 

+p{awc)p{bwd) — p{bvc)p{avd), 
= dp~^{avbvc,d). 

Now we can calculate x ^s 

X{u,v) = ^ap-^(W(i),U(2))(M(2)|t^(i))+ = ^(9/)"^(M(2),U(i))Ki)|t;(2))+. 

A few example computations might be appropriate 

X{a,b) = p{avb) + {a\b)+, 
x(av&vc, d) = dp^^{a\/byc,d), 

x{avb,cvd) = dp^'^{avb,c-vd) + {a-vb\cvd)+ — p{avc){b\d)-^. 

+p{ayd){b\c)+ + p(6vc)(a|rf)+ — p{bwd){a\c)+. 

Finally, we define the product of u and v hy uv = ^ 9p~^(u(2), 11(1)) W(i)W(2) • 
This operator product satisfies (35) and a few simple examples of it are 

ab = avb + p{awb) + {a\b)+, 
{avb)c = awbvc ~ {a\c)^^b + (b\c)^a + p{bvc)d — p{avc)b. 

As illustrated in reference [19], the combinatorial complexity of the products 
increases very quickly. The Hopf algebraic concepts provide powerful tools to 
manipulate these products. 

Moreover, this example coming from quantum chemistry shows that the con- 
volution of a Laplace pairing by a 2-coboundary is a very natural quantum ob- 
ject. Lemma 3.5 says that all 2-cocycles can be obtained by such a convolution. 
The adapted normal product can be understood as inducing a transformation 
of the augmentation. This parallels the situation discussed in Section 3.3.4, as 
exhibited in equation (31). 

The basis change defined by equation (34) appears not only in quantum 
chemistry, but also in the context of quantum field theory in curved space-time. 
In Ref.[50l (Theorem 5.1), it is shown that two Wick monomials that can define 
a quantum field theory in curved space-time are related by equation (34). 
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6 Conclusions and outlook 



We conclude this paper by sketching possible future developments and applica- 
tions of the prcsontod framowork. 

From a computational point of view, the Hopf algebra structure presented 
in this paper was already used to solve two old problems of many-body theory: 
the hierarchy of Green functions for systems with initial correlation [51] and the 
many-body generahzation of the crystal-field method [52]. More results along 
these lines might be expected. 

In an interesting parallel development Kreimer discovered that the combina- 
torics of Bogoliubov's recursion formula of renormalization and Zimmermann's 
solution can be expressed in Hopf algebraic terms [53]. This was further elab- 
orated by Connes, Kreimer and Pinter [53, 54, 55]. In particular, it was also 
shown how this leads to computational improvements compared to traditional 
methods [56]. It should be possible to connect this Hopf algebraic structure 
associated with the perturbative Feynman diagram expansion with the alge- 
braic framework introduced in this paper. Indeed, Pinter's work might be seen 
as pointing in this direction [55]. More concrete steps for estabhshing such a 
connection were performed in [57]. 

Looking back at Section 3.2 there are really three ingredients to the twist, 
the Hopf superalgebra H, the comodule (super) algebra A and the 2-cocycle X- 
In the case explored in this paper, however, A and H are really the same, namely 
the algebra of normal ordered field operators (Section 3.3.1). However, the fact 
that we obtain deformations of this (super) algebra only depends on the choice 
of A. In this respect the fact that H may also be taken to be this superalgebra 
(extended to a Hopf superalgebra) is an "accident". 

One may ask whether a different choice for H (and thus also for the cocycle) 
may lead to any interesting constructions for QFT. This is indeed the case as evi- 
denced by [11]. There, in essentiahy the same twist deformation construction for 
QFT the Hopf algebra H was chosen to correspond to the group of translations 
of Minkowski space. A certain cocycle then yields QFT on noncommutative 
space-times of the Moyal type. 

Thus, the same twist procedure unifies a priori rather different and unrelated 
constructions in QFT. It seems likely that there is rather more to discover. It 
should be mentioned in this context that it is straightforward to consider the 
Hopf algebraic analogues of group products such as direct or semidirect ones. 
Moreover, in general the twist does not leave H invariant. In particular, it can 
lead to genuine quantum group symmetries even if the initial objects are group 
symmetries. See [11, Section 4.4] for examples. 

Another interesting direction for generalizing our approach is to non-linear 
QFT. To this end notice that H (and Am) may be seen as the algebra of poly- 
nomial functions on field configurations. Considering a non-linear field theory 
the analogue would be an algebra of functions on field configurations generated 
by suitably chosen modes. At least for compact group target spaces this is 
rather straightforward by employing the Peter- Weyl decomposition. Of course 
H would no longer be cocommutative if the respective group is non-abelian. 
This implies for example that part of the cohomology theory no longer works. 
However, the crucial part, namely the Drinfeld twist generalizes to this case. 
This offers perspectives to describe quantized non-linear QFTs through our ap- 
proach. 
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Not elaborated in the course of this work was the intimate connection of Hopf 
algebraic methods to combinatorics and group representations. The invariant 
theoretic content of Hopf superalgebraic methods was studied in [26]. The 
connection of Hopf algebra coliomology to branching laws, group representations 
and symmetric functions was investigated in [58]. From this contacts to other 
fields of mathematics one expects further insight into the structure of QFT. 
This will be considered elsewhere. 
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A Introduction to Hopf *-superalgebras 

In this appendix we give a detailed Hst of the definitions and main properties of 
Hopf superalgebras because this information is scattered in the literature, using 
various incompatible conventions and notations. Standard references for Hopf 
algebras and associated structures are [49, 59, 24, 23], and the super case is 
emphasized in [60]. All vector spaces are over the field C of complex numbers. 

A.l Hopf superalgebras 

A vector space 77 is a super vector space if it can be written as H = Hq ® Hi . 
If an element a is in either Hq or Hi, we say that it is homogeneous. If a G Hq 
(resp. a € Hi), we say that it is even (resp. odd) and its parity is \a\ — (resp. 
|a| = 1). The concept of super vector space enables us to consider fermions and 
bosons on the same footing. A super vector space H is a superalgebra if it is 
endowed with an associative product and a unit 1 € Hq and if \ab\ = \a\ + \b\ 
modulo 2 for any homogeneous elements a and b in H. A superalgebra H is a. 
Hopf superalgebra if it is endowed with a coproduct A : H — > H ®H, a counit 
e : H — > C and an antipode 7 : H — > H, such that: 

• A is a graded coproduct, i.e. for any homogeneous element a ofH, in Aa = 
X)a(i) (8)0(2) (using Sweedler's notation) all a(i) and 0(2) are homogeneous 
and \a\ = |0(i)| + |a(2)|. 

• A and e are graded algebra morphisms and 7 is a graded algebra anti- 
morphism, i.e. 



A(o6) 
s{ab) 
j{ab) 



^(_l)l-(2)llbu)la(,,6^^j^a(2)6, 
e{a)e{b), 

(-l)'"'""7W7(a); 
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• A, s and 7 are unital maps, i.e. 

A(i) = i®i, £(i) = i, 7(1) = 1; 

• A is coassociative, i.e. 

(A (g) id) o A(a) = (id0A)oA(a) = A^(a) = a^^^ a^^) <2) Qq); 

• e is counital, i.e. 

^e(a(i))a(2) =^a(i)£(a(2)) = a; 

• 7 is counital, i.e. £(7(0)) = e(a), and satisfies the identity 

^7(a(i))a(2) = ^0(1)7(0(2)) = £{a)l. 

Under these assumptions, the antipode is also a graded coalgebra anti-morphism, 
that is 

A7(a) = ^7(a)(i, 7(a)(2) = ^(-l)!"'^'! '"'^'^(af^)) 7(aa))- 

A Hopf superalgebra H is graded commutative if ab = (— l)l"ll''l6a, and it is 
graded cocommutative if 

Aa = ^ a(i) O 0(2) = ^(-l)l"(i)l l°(^)la(2) a^,, 

for any homogeneous a,b G H. If a Hopf superalgebra H is graded commutative 

or graded cocommutative, then 7(7(0)) = a. for any a G H. 

A Hopf superalgebra H is graded if there are super vector spaces Hn for 
n e N such that 

H = 0i?„. 

If a e we say that a is a homogeneous element of degree n, and we denote 
the degree of a by deg(a). Moreover, the degree is an algebra map, i.e. if 
a € Hn and b € Hm then ab G Hn+m, and a coalgebra map, i.e. if a G 
Hn and Aa = ^ a(i) (8) a(2) then a(i) and a(2) are homogeneous elements and 
dcg(a(i)) + deg(a(2)) = n. Finally, if a is a homogeneous element, then s{a) = 
if deg(a) > and £(1) = 1. 

A. 2 Hopf *-superalgebra 

In quantum field theory, the adjoint operator a 1— > a* plays a prominent role. 
Its existence is one of the basic principles of axiomatic quantum (field) theories 
[61, 62, 63]. It is tied to the definition of a positive quantum field state (i.e. 
a positive continuous linear functional such that p{l) = 1 and p{uu*) > 0). 
Such a p allows via the GNS construction the reconstruction of a Hilbert space 
picture. 
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Therefore, it is important to specify tiie interplay between the adjoint op- 
erator and the Hopf superalgebra structure. This is done abstractly be defin- 
ing a star-operation as a bijection *: H ^ H such that (a*)* = a for any 
a S H , (Ao, + = \a* + ph* for any a, b u\ H and any complex numbers 
A and (with complex conjugate A and jl). We use De Witt's convention^: 
{ah)* = b*a* because it is compatible with the interpretation of * as the Her- 
mitian adjoint of an operator. The action of the star operation on the tensor 
product is (a (g) 6)* = (— l)'"' ''''a* (g) b* . The compatibility of the star operation 
with the parity is \a*\ = \a\. The compatibility of the star operation with the 
coproduct is 

A(a*) = 5^a*(i,0a*(,) = (Aa)*=^(-l)l»(i)ll«wla(i,*®a(,)*. 

The compatibility of the star operation with the counit is e{a*) = (e(a))*. The 
compatibility with the antipode is 

7(7(a*)*) = a. 

Finally, when the Hopf superalgebra is graded, the star operation must be com- 
patible with this grading: deg(a*) = deg(a). 

A. 3 The symmetric Hopf superalgebra 

If V is a vector space, the symmetric Hopf algebra S{V) was described in ped- 
agogical detail in our paper [15]. Here we consider the symmetric Hopf super- 
algebra Synn(y) where ^ is a super vector space (see [1, Appendix 2]). Let 
V = Vo(BVi be a super vector space over C, and denote by \v\ the parity of a 
homogeneous element v G V. Let T{V) = ©J^o^*^" be the tensor algebra on 
V , with the tensor (free) product 0, and unit 1 € C = V®^ . 

The symmetric superalgebra on V is the quotient of T{V) by the supersym- 
metric (or graded commutative) relation, that is 

Sym(V) = r(y)/(u®t;- (-l)l''ll''lt;® u), 

where the elements u, v are homogeneous in V . Since the ideal is generated by a 
homogeneous relation, the quotient Sym(F) is still a graded vector space, that 
is Sym(y) = ®^oSym"(l^), and it has homogeneous components Sym"(l/) = 
'}2p+q=n 55' A'(yi), where S'P(Vb) denotes the symmetric p-powers on V{) 

and A'J(Vi) denotes the exterior (skew-symmetric) q-powers on Vi. Then, in 
the quotient Sym(F) we denote by v the concatenation product induced by (g). 
Explicitly, for uiv • • • vu^ e Sym^iV) and wiv • • • vVg e Sym*(y) we have 

(uiv • • • vUr)v(wiv • • • vWs) = uiv • • • vUrVUiv • • • vUs e Sym''~''*(y). 

The product v is associative (as well as (g)), unital (with unit 1 e C = Sym°) and 
graded commutative, that is uyv — (— l)l"'l''lwvu for homogeneous u.v e V. 

As a vector space, Sym{V) is isomorphic to S{Vo) (g) A(Vi), but not as an 
algebra. In fact, in ^(Vo) A(Vi) the product is among each tensor component 

(bosons with bosons, fermions with fermions), while in Sym{V) we may wish to 
multiply the two components (bosons with fermions). As an algebra, Sym{V) 

^In the mathematical literature, one finds also (ab)* = (-l)!"^! I^lfe'a* (e.g. [64, 65]). 
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is isomorphic to the superalgebra Hq ® Hi, where Hq = S{Vo) ® ®^o^^"C^i) 
has even parity and Hi = S{Vo) ® ®'^^qA'^"+^ {Vi) has odd parity. For this, it 
suffices to check that HqvHq and HivHi are subsets of Hq, and that HqvHi 
and HiwHo are subsets of Hi. 

The symmetric superalgebra Sym(y) can be endowed with a coassociative 
coproduct A : Sym(F) — > Sym(V^)(g)Sym(t/), defined on the generators v G V as 
Av = l{g)i; + -(;(g)l and extended to products viv ■ ■ ■ vvn as an algebra morphism. 
Due to the graded commutativity of the product v, the formula for a generic 
element of length n can be explicitly given in terms of the (p, n — p)-shufHes, 
which are the permutations cr on n elements such that cr(l) < • • • < a{p) and 
dip +!)<•••< cr(n): if u = viw . . . wVn, 

Am = ?i 1 + 1 (g) u 

ri-l 

+ ^(-1)^U<,(1)V . . . VW^(p) O Ua(p+l)V . . . VV^iri), (36) 

p=l 

where 

p n 

i=i j=p+i 

with 9{a{i) - a{j)) = 1 if a{i) > a{j) and 9{a{i) - a{j)) if < a{j). 
When all operators are odd {\vi\ = 1 for all i), (—1)^ is the signature (—1)'^ of 
the permutation cr, when all operators are even, (—1)''^ = 1. 
The simplest example of equation (36) is 

A{vi\/V2) = 1)1VW2 (S) 1 + 1 (S) + 1^1 (S) U2 + (— l)'''^"''^'v2 (S) l"!. 

The linear map e : Sym(y) — > C which is the identity on the scalars C = V^ C 
Sym{V), and zero on higher degrees, is a counit for this coproduct. Moreover 
an antipode is then automaticahy defined by induction on the length of the 
elements. In conclusion, the symmetric superalgebra Sym(y) has the structure 
of a graded commutative Hopf superalgebra, as defined in Appendix A.l. 

B Cohomology computations for Sym(y) 

B.l Cohomology groups of bosonic Sym{V) 

In the bosonic case, i.e. if V is purely even, we can work out the cohomology 
groups of Sym(F) as fohows. 

The symmetric algebra Sym(V) can be seen as the universal enveloping 
algebra U(F) of the abelian Lie algebra V (with all brackets set to zero). 
Sweedler proves in [18, Thm. 4.1, page 212] that the Hopf algebra cohomology 
H*(Sym(F)) is isomorphic to the Hochschild cohomology HH'{U{V)). This 
is known to be isomorphic to the Chevahey-Eilenberg cohomology H'{V) of 
the Lie algebra. Since V is abehan, all coboundary operators are zero and 
H*{V) is easily computed: H*{V) = [A*(V)]*. Hence H\Sym{V)) = V* and 
H^Sym{V)) = {A^V))* = Homc(A2(F), C). 
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B.2 Proofs of cohomological statements 
Proof of Proposition 3.1 

We first show that T : Ajj ^ given by T{a) = ^ p{(i(i)) 0/(2) IS cL comodule 
map. Using graded cocommutativity wc find as required, 

^ T(a)(i) (g) T(a)(2) = ^ p{a(,^)a^2) O 

= ^a(i) (g)p(a(2))a(3) 

= ^0(1) 0T(a(2)). 

We prove secondly that T is a superalgebra isomorphism. We denote the 
twisted product induced by rj by and the twisted product induced by x by 
o^. Using graded cocommutativity we find as required, 



T{ao^ 6)=E(-1) 

=E(-i) 



^<^)ll'^(a)lr,(a<,„6<,,)r(a<„&<.,) 

a(l)l|a(2)l + |o(l)l|a(3)l + |a(l)lta(4)l + Ia(2)||o(3)l + |a(2)l|o(4)l + |a(3)l|a(4)l 



^pKd, ^i))x(a(2), ^2))p(a(3)^3))a(4)fc(4) 

= ^(_l)l^i,ll-(a,l;^(a<,„5<,,)r(a<,,)r(6,,,) 

= ^(-l)I^W«II^W(^)lx(r(a)(,„T(6)(,,)r(a)(,,r(6)(,,) 
=T(a) o^T(6). 

For the converse direction we have A = H and the coaction is the coproduct 
of H. By assumption we have a comodule superalgebra isomorphism T : A^ ^ 
A-^. Let /9 : fl" — > C be defined by p := e o T. Then p is unital, p(l) = 1. 
Furthermore, it is invertible with inverse given by = e o , and thus it 
is a 1-cochain on H . Since T is a comodule map we can show using graded 
cocommutativity 

^p(a(i))a(2) =^£(r(a(i)))a(2, =^a^,)e{T{a^^))) 

= Y,na)aAT{a),,,)=Tia). 

That is, T is determined by p as in the proposition. We show that r] and x are 
cohomologous through p, i.e. r] = dp-kx- 

ri{a,b) =y^(-l)l°(i)ll"(^)l+l"ti)ll°(3)l+l"(2)ll"(3)l 
V{a(i) , ^'(1) )p(a(2) 6(2) (a(3) &(3) ) 

= 'y^(_iy"(i)lk(2)l + |a(i)l|a(3)l + k(2)l|o(3)l 

eor(j7(a(i),6(i))a(2)6(2))p"^(a(3)6(3)) 
= ^(_l)|fa,lk(2)l^oT(a(„ o, 6(,))p-i(a(2)6(2,) 
= ^(_l)|f(i,lk(2,l^(T(a(,,)o^T(V,))p-'(«(2,&(2)) 

= E(-1)"''"""''''/'(«<1))/'(^<1))^(«(^) °X ^>(2,)p~'(a(3)6(3,) 

= ^(_l)l''a,l|a(2,l9^^^^^i,^^^)^^^^^i,^^^). 
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This completes the proof. 
Proof of Lemma 3.3 

We prove that the map fi : y. given by the convolution product is 

bijective. 

Let p e C\ Define C : Sym{V) ^ C as follows. Set C(l) = 1, set C(v) = p{v) 
for V gV and extend C to all of Sym(V') as an algebra homomorphism ({avb) = 
C((i)C(^)- (Note that C is automatically graded since p is graded.) C has a 
convolution inverse C~^(a) = ^(7(0)) and is thus a 1-cocycle. Now define the 
1-cochain 77 := * p. Since r\(v) = C,~^(X)p(v) + Q~^(v)p(X) = p{v) — p{v) = 
for all f e V, ry is in N^. By construction, p = C,-kri and thus p is surjective. 

Now take C, & and f] e A^^. Define p := ( * fj and construct as above 
(,r] from p. Since p{v) = C{l)'ii{v) + C{v)fj{l) = ^(w) for u e F we have 
by construction of ( that ({v) = ({v) for v ^ V. As both ^ and C are algebra 
homomorphisms they must coincide. Consequently rj = C,~^-kp = C,~^-kC,-k'q = fj. 
This shows that p is injective. 

Proof of Lemma 3.4 

We show that a 2-cocycle x on Sym(V") is a 2-coboundary if and only if it is 
symmetric, i.e. x(«i^) — (— l)'""*'x(^; <*) for all a,b in Sym{V). 
Let X be a 2-coboundary, then there is a 1-cochain p such that 

X{a,b) = dp{a,b) = ^p(a(i))p(6(i))p"^(a(2)v6(2)). 

Since the symmetric product v is graded commutative, the expression on the 
right is symmetric and \{a,b) = (— l)l°ll''lx(^i o)- 

For the reciprocal statement, suppose that x is a symmetric 2-cocycle. We 
define a 1-cochain on S{V) by induction on deg(w). Set p{l) = 1, p{v) = for 
all V G V , and p{uvv) = x~^iu, v) for all u,v G V (which is well defined because 
X is symmetric). Now assume that p is defined on all elements up to degree 
< n. For a, 6 G Sym(F) with deg(a) -|- dcg(fe) = n + 1 and deg(a), deg(6) > 1 
(for o or 6 of deg(O) what is to be shown holds automatically) , set 

p{avb) = ^x"^(a(i),^i))p(a(2))p(6(2)). (37) 

Then p is well defined because x~^ is symmetric, and therefore p{avb) — 
p((— l)''''l''l6va), and because p{ay{bvc)) = p{{avb)yc) if deg(a) -|- deg(6) -|- 
deg(c) = n + 1 and deg(a),deg(6),deg(c) > 1. To show the latter equality, 
we use equation (37), the 2-cocycle condition (23) and coassociativity of the 
coproduct to write 

p(av(6vc)) = ^(-l)l^<i)ll''(^)lx~'(a(i„ &(i,vC(„)p(a(2,)M2)VC(,,) 

= ^(_l)k(l)l|b(4)l + |c(2)l|b(4)l + |b(l)l|b(2)l + |c(l)||c(2)|^-l^^^^^^^^^^^^^) 
X"^(a(2),fo(2))x(^3),C(2))p(a(3))p(&(4)VC(3)) 

= ^(-l)l^i)ll''(2)l;^-i(a<,,vfe,,„C(,))x-^(a(2),6(2,) 

P(a(3))M3))/3(C(2)) 

= 5](-l)l''<^''"'<^''x"'(a(i,v&(x), C(„)p(a(2)vfo(2))p(c(2)) 
= /9((av6)vc). 
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Finally, inverting (37) to obtain /9 ^{a\'b)='^p "^(a(i))p "^(6(i))x(a(2)) ''(2)), we 
can easily show that dp = x- In fact, 

dp{a,b) = ^p(a(i,)p(6(i))p"^(a(2)v6(2)) 

Proof of Lemma 3.5 

We first consider an auxiliary Lemma. 

Lemma B.l. Let x be a 2-cocycle. If x is symmetric on V ®V , then x is 



symmetric on Sym{V) ® Sym{V), i.e. X^ 



2 

sym- 



Proof. Let x be a 2-cocycle such that x(w,t;) = (— l)'""'''x(^'7 ^*)- We prove by 
induction that x G ^sym- Suppose that x is symmetric on all elements a ig) 6 
with deg(a) + deg(6) < n, and let deg(a) + deg(&) + deg(c) = n + 1, with 
dcg(a), dcg(6), dcg(c) > 1. Using the graded commutativity of the symmetric 
product V, the 2-cocycle condition (23) and the induction hypothesis, we obtain: 

X{a,bvc) = ^(-l)l«(i)ll"(2)l+l''(i)ll''(2)l+l''(i)l|fe(3)l 

X"^(6(i), C(i))x(a(i), 6(2))x(a(2)v6(3), C(2)) 

= y^(_iy"(i)lk(2)|-Hb(i)l|b(2)|-Hfe(i)||fe(3)|-Ha(i)l|fe(2)|-Ha(2)||fe(3)l 

X" (^i),C(i))x(&(2),a(i))x(^3) 

= y^(_iya(2)l|fc(2)|-Hfc(l)||fc(2)|-Hc(2)||c(3)| 

X' (^i),C(i))x(a(i),C(2))x(&(2) 

, 0(2) VC(3) j 

= y^(_iy«(i)l|e(2)| + |o(2)||b(2)| + |a(2)||c(3)| + |b(i)||b(2)|-Hc(2)||c(3)| 

X" (''(l),C(l))x(c(2),a(l))x(^2), C(3) Va(2) ) 
= (-l)l"ll*'^'=lx(6vc,a). 

This completes the proof. □ 

We are now ready to prove the main statement that the map IJ, : x 
-^asym ~* given by the convolution product is bijective. 

Let X be a 2-cocycle. Define the Laplace pairing A by X{u, v) := ^{xi^, v) — 
{-l)M^\x{v,u)) for all u,v in V extended to Sym(y) by (1) and (2). A is an 
antisymmetric Laplace pairing according to the definition (29). By Lemma 3.2 
A is a 2-cocycle and hence cr := x * is also a 2-cocycle. Note that the 
inverse of A is the Laplace pairing defined by X~^{u,v) = —X{u,v). Thus, a 
evaluated on yields a{u,v) = X;(-l)''''''""''''xKi), f^(i))A"Hw(2), ^(2,) = 

x{u,v) — X{u,v) = i(x(?y,.?') + (—l)l"ll'"lx(''-') '■*))• That is, a is symmetric on 
V ^V. By Lemma B.l this implies that a is symmetric on all of Sym(V) and 
thus by Lemma 3.4 a 2-coboundary. By construction x = * A, i.e. x can be 
written as a product of a 2-coboundary a and an antisymmetric Laplace pairing 
A. Hence /x is surjective. 
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Now take a E B'^ and A G i?^sym- Define the 2-cocycle x •= <5" * A. 
Construct a <E and A G -Rasym out of x above. Then for u, v in V, 
X{u,v) = ^(-l)l''a)ll"(2)lCT(U(i),U(i,)A(u(2),?;(2)) = a{u,v) + ~X{u,v). Hence 
\{u,v) = i(x(u,w)-(-l)l"ll''lx(^^,w)) = 5(CT(u,t;) + A(M,t;)-(-l)l"ll''l(CT(t;,u) + 
A(i;,u))) = A(u,w). We have used that A is antisymmetric by assumption while 
a is symmetric by Lemma 3.4. Since A and A are Laplace pairings coinciding 
onV they must be identical. Consequently cr = x*A~^ = cr*A*A~^ = a. 
This shows that /U is injective. 
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